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Abstract In the previous article (Found Phys. Lett. 16 325-341), we showed
that a reciprocity of the Gauss sums is connected with the wave and particle
complementary. In this article, we revise the previous investigation by con-
sidering a relation between the Gauss optics and the Gauss sum based upon
the recent studies of the Weil representation for a finite group.
Keywords Gauss reciprocity · wave-particle complementary · SL(2,Z) ·
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1 Introduction
In the previous article [25], we investigated a relation between the Gauss
reciprocity and wave-particle complementary on an optical system, the frac-
tional Talbot system [43] following the excellent work of Berry and Klein
[3].
More precisely, in [25], we considered the wavy and particle-like treat-
ments of the system, or treatments based upon the Helmholtz equation and
the Fresnel integral. Both treatments express the same phenomena and the
final results must agree; the agreement between them means a kind of the
wave-particle complementary. As the fractional Talbot phenomena has dis-
crete nature, the distribution at the screen expressed in terms of the Gauss
sum parameterized by coprime integers (p, q) [3]; the Gauss sum is a num-
ber theoretical function which is well-known in number theory (see §2.1)
and plays the central roles in both quadratic number theory and cyclotomic
field theory [17]. Corresponding to the agreement between the wavy and
particle-like treatments, there appears a reciprocity between the Gauss sums
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2parameterized by both (p, q) and (q, p) [25], which is known as the Gauss
reciprocity [15, Chap.8].
In [25] even though we dealt with the optical system, using the similar-
ity between para-axial optics and non-relativistic quantum mechanics [13,
p.75-84], we have concluded that in the system, the canonical commutation
relation in the quantum mechanics,
qp− pq = i~ (1)
for position operator q and momentum operator p, is similar to a relation in
the primitive number theory that for coprime numbers p and q there exist
integers
{
1
q
}
p
and
{
−1
p
}
q
such that
p
{
1
p
}
q
− q
{
−1
q
}
p
= 1. (2)
The existence of these integers is primitively proved, e.g., [42, Theorem III.1]
[17, p.4, Lemma 4] (see §2.1). Most of all theorems in number theory are
based upon the relation (2) and it is regarded as a fundamental relation in
number theory. It is very similar to the fact that (1) is the fundamental
relation in the quantum mechanics. Both (1) and (2) play the central roles
in the wave-particle complementary and the Gauss reciprocity respectively.
In [25] a question arises why they appear and play the similar roles in the
optical system. The purpose of this article is to answer this question.
On the other hand, in [41], Weil studied the symplectic group and the
Gauss sum based upon development of the quantum mechanics, and found
the Heisenberg group, its Schro¨dinger representation and a unitary repre-
sentation of the metaplectic group known as the Weil representation. The
Weil representation is essential to the foundation of quantum mechanics
and linear optics. Following [41], Guillemin and Sternberg [13] and Raszil-
lier and Schempp [30] gave physical interpretations of the Heisenberg group,
the Schro¨dinger representation and the Weil representation in quantum me-
chanics and optics. Due to the discreteness and finiteness properties of the
fractional Talbot system, the Heisenberg group related to the system be-
comes a finite group as we will show in §6. Recently the relations between
the Weil representation and the Gauss sum over a finite ring are studied well
[4,7,34,36,39]. In this article, we answer the question in [25] following these
studies.
The fractional Talbot phenomena also has some influence on modern op-
tics, quantum problems and materials physics, e.g., optical fibers [31], quan-
tum information [2], the cyclotomic quantum clock problem [29], and com-
posite metamaterials such as multilayer positive and negative optical index
media [16]. It is crucial to understand the algebraic essential of the fractional
Talbot phenomena in terms of the Heisenberg group and the Weil represen-
tation. Then it enables us to answer a question how the discrete nature and
the property of the finiteness influence the optical system.
Though it is historical irony, K. F. Gauss studied well the Gauss sum
and wrote it in [11] 1818 and summarized the Gauss optics in [12] 1840, in
3which he described the critical relation between Sp(2,R) = SL(2,R) and op-
tical system, whereas H. F. Talbot discovered the original Talbot phenomena
around 1836 [37], though the fractional Talbot phenomena was discovered by
J. T. Winthrop and C. R. Worthington in [43]. Talbot also studied elliptic
integrals as a mathematician [6, p.413] and wrote several articles in the cre-
ation of the theory of elliptic functions [44]. For example, he wrote about the
“Abelian integral” in a letter of Sept. 8, 1844 to J. F. W. Herschel [38]. It
is well-known that Gauss also studied elliptic integrals and elliptic functions
alone [6]. The periodicity and algebraic structure in the elliptic integrals were
the theme in the elliptic function theory. I will show that in the Talbot phe-
nomena, the periodicity and algebraic structure also plays important role.
In fact the Gauss sum and the optical system are formulated by the ellip-
tic theta functions as we will show in (14). Further recent studies [10,18,39]
show that the generalized theta functions and Gauss sum are connected in
other physical problems e.g., Chern-Simons-Witten theory. Thus to consider
relations among Gauss sum, Gauss optics, elliptic theta function and frac-
tional Talbot phenomena is also interesting from the viewpoints of recent
developments and science history.
Here we mention the contents of this article; Section 2 is devoted to the
mathematical preliminary of the fundamental relation (2), the Gauss sum
and the Gauss reciprocity. Section 3 is a review of the Gauss Optics and
SL(2,R) based upon [13]. In section 4, following [20], we give the fractional
Talbot phenomena in the framework of the Gauss optics and show the relation
between the Gauss sum and Gauss optics. Section 5 is devoted to a review
of the Heisenberg group and Weil representation following [13,30] and the
recent movements [4,7,34,36,39]. In section 6, as a revised investigation of the
fractional Talbot phenomena in [25], we discuss these properties, especially
algebraic properties of the the fractional Talbot phenomena. There we find
a key fact to an answer of the question in [25]. In section 7, we will give an
answer to the question using the key fact and further comments.
Here R, Q, and Z denote sets of real numbers, the fractional numbers,
and integers respectively.
2 Mathematical Preliminary
This section is for the mathematical preliminary of the fundamental relation
(2), the Gauss sum and the Gauss reciprocity.
2.1 On the fundamental relation (2)
In number theory, it is well known that there exist integers
{
1
q
}
p
and{
−1
p
}
q
as in (4) such that
p
{
1
p
}
q
− q
{
−1
q
}
p
= 1. (3)
4This can be easily and elementally proved; for example see [42, Theorem
III.1] and [17, p.4, Lemma 4]. This relation is a theoretical base of primitive
number theory [17,42].
From (3), there uniquely exists a positive integer
[
1
p
]
q
smaller than q
satisfying
p
[
1
p
]
q
≡ 1 mod q, (4)
and we have
p
[
1
p
]
q
+ q
[
1
q
]
p
= 1 + pq.
By letting [
−1
q
]
p
:= p−
[
1
q
]
p
,
and for arbitrary n ∈ Z,
{
1
q
}
p
and
{
−1
p
}
q
in (3) are realized by
{
1
p
}
q
=
[
1
p
]
q
+ nq,
{
−1
q
}
p
=
[
−1
q
]
p
+ np.
In other words, the number of pairs
({
1
p
}
q
,
{
1
q
}
p
)
satisfying (3) is count-
ably infinite. As the n = 0 case is essential, one can identify them with
[
1
p
]
q
and
[
−1
q
]
p
if needs.
2.2 Quadratic theory
The Legendre symbol
(
p
s
)
for a prime number s is defined by [17, Chap.5],
(
p
s
)
:=
{
+1, if there is an integer m such that m2 = p mod s,
−1, otherwise. (5)
Further the Jacobi symbol for coprime numbers p and q is given by(
p
q
)
:=
∏
s1,··· ,sn
(
p
si
)
where s1, · · · , sn are prime numbers such that q = s1 · · · sn.
Then the Jacobi quadratic reciprocity is well-known as [17, Prop. 5.2.2],(
p
q
)(
q
p
)
= (−1)(p−1)/2)(q−1)/2.
52.3 Gauss sum
Here I mention the Gauss sum primitively, though in the previous article
[25], it is mentioned in detail. Though the Gauss sum can be defined using a
multiple character and an additive character generally [17, Chap. 8 §2], we
deal only with the quadratic Gauss sum, which is given by [17, Chap. 6],
G(p, q, d) :=
q−1∑
c=0
e
2piip
q
(c+d)2 ,
where q and p are coprime integers and d is an integer. (Using (3), we some-
times use another expression G′(p′, q′, d) :=
∑q′−1
c=0 e
piip′
q′
(c+d)2
as mentioned
in [25] but in this section, we employ the version with the 2π prefactor in
the exponent1. ) For simplicity, we consider G(p, q) := G(p, q, 0) and the case
that q is an odd prime number. Since
q−1∑
c=0
e
2piip
q
c = 0,
we have another representation using the Legendre symbol,
G(p, q) =
q−1∑
c=0
(
pc
q
)
e
2piip
q
c =
(
p
q
)
G(1, q), G(1, q) =
q−1∑
c=0
(
c
q
)
e
2piip
q
c.
It is not difficult to prove that [17, Prop. 6.3.2],
G(1, q)2 = (−1)(q−1)/2q.
Thus it is a concerned problem to determine the sign in the Gauss sum [17,
Chap.6 §4] and then we obtain
G(1, q) =
{√
q, if q ≡ 1 module 4,
i
√
q, if q ≡ 3 module 4.
More general case G(p, q, d) is mentioned well in [25, Appendix].
The Gauss reciprocity is studied well due to Hecke [15, Chap.8], which is
explained in detail in [25],
1
|q|1/2
∑
c∈Z/qZ
e
piip
q
(c+d)2 = e
pii
4
sgn(pq) 1
|p|1/2
∑
c∈Z/pZ
e−
piiq
p
c2−2πidc. (6)
Due to Weil representation [41], we could regard that the factor eπi/4 is
related to the Maslov index and phase anomaly [35,5]
1 The correspondence between both expressions is simple for a case p = 2p′. For
other cases, we need subtle treatments. When q′ is odd case, we find
»
1
2
–
q′
∈ Z/q′Z
satisfying (4). More precise argument is left to [25].
63 Gauss Optics and SL(2,R)
Here let us review Gauss optics following the Guillemin and Sternberg [13].
In [12], Gauss showed us that the optical system is recognized as a
SL(2,R) = Sp(2,R) map between incoming plane S1 and outgoing screen
S2. For c = 1, 2, we choose the coordinate systems denoted by
wc :=
(
xc
uc
)
∈ Sc,
where uc = dxc/dz is the angle variable at Sc respectively along the optical
axis z. The origin of xc coincides with the optical axis. In the Gauss optics,
i.e., two-dimensional linear optics2, the optical system is represented by the
special linear group
g ∈ SL(2,R) :=
{(
A B
C D
)
| AD −BC = 1, A,B,C,D ∈ R
}
such that its action to Sc is given by,
w2 = gw1.
In other words, every two-dimensional linear optical system (or Gaussian
optical system) corresponds to an element SL(2,R) bijectively;
(
1 δz
0 1
)
cor-
responds to the translation by δz along the optical axis whereas
(
1 0
P 1
)
to
the thin lens with power P . The optical system consists of combination of
various translations and thin lenses while SL(2,R) is generated by both ma-
trices for appropriate δz’s and P ’s. Every element g ∈ SL(2,R) preserves the
symplectic product of
〈w1, w′1〉 = x1u′1 − x′1u1,
i.e., 〈w1, w′1〉 = 〈gw1, gw′1〉.
Now we fix an optical system and thus an element g ∈ SL(2,R) like (23).
For the the system, we deal with the Lagrangian submanifold [13, p.34],
Sintf := {(w, gw) | w ∈ S1} ⊂ S1 × S2.
Since Sintf is known as two-dimensional manifold [13], in the interference
phenomena, we pick up the independent variables x1 and x2 to express S
intf .
In other words, uc (c = 1, 2) is a function of x1 and x2 as
u1 =
x2 −Ax1
B
, u2 =
Dx2 − x1
B
.
2 In [12], Gauss dealt with three dimensional optical system (x, y, z) with cylin-
drical symmetry. (x, dx/dz, y, dy/dz, z) was dealt with but the cylindrical symme-
try reduces it to two dimensional linear optical system (r, z) or (r, dr/dz, z) for
r =
p
x2 + y2.
7Then the optical length is given by
L =
1
2
〈w1, w2〉+ z2 − z1
=
1
2B
(Dx22 − 2x1x2 + Ax21) + z2 − z1.
(7)
As in [13], we have the wave functions ψc over Sc (c = 1, 2) under the scalar
approximation. For given ψ1 over S1, we have the image of ψ2 at S2;
ψ2(x2) =
(
i
λB
)1/2
exp
(
2πi
λ
(z1 − z2)
)
·∫
dx1ψ1(x1) exp
( π
Bλ
i(Dx22 − 2x1x2 +Ax21)
)
,
where λ is the wave length. We introduce φ2 by the relation,
ψ2(x2) = e
( 2piiλ (z1−z2))φ2(x2).
4 Talbot phenomena
In this section, we will review the fractional Talbot phenomena [3,20,25,
43] and consider a relation between the Gauss sum and the Gauss optics
explicitly.
As in [3,25], we will consider the δ-comb grating plane z = 0,
ψ1(x) =
∑
n∈Z
δ(x− na). (8)
Here we note that there is a group action ta on Sc:
ta ·
(
x
u
)
=
(
x+ a
u− A2Ba
)
. (9)
The δ-comb gives the distribution at the screen,
φ2(x2) =
(
i
λB
)1/2∑
n∈Z
exp
( π
Bλ
i(Dx22 − 2nax2 +An2a2)
)
. (10)
We write this by φI2.
Using the Poisson sum relation of (8),
ψ1(x1, 0) =
∑
n∈Z
1
a
exp
(
2πi
x1n
a
)
=
∑
n∈Z
δ(x1 − an), (11)
we have another expression of (10) [20]
φ2(x2) =
(
1
Aa2
)1/2
exp
(
πix22
λ
C
)∑
n∈Z
exp
(
πi
(
2nx2
aA
− Bλn
2
Aa2
))
. (12)
8We write this by φII2 . In [25], we have obtained the essentially same as
the expression (12) using the Helmholtz equation. As (12) comes from the
1
a exp(2πi
xn
a ) which exhibits wavy properties, we will regard (12) as the wavy
expression. This is contrast to (10), which we are to consider as a particle-like
expression.
Noting that a2/λ is the order of length and the unit of the system, we
will scale the variables as,
xˆc :=
xc
a
, uˆ := u,
(
Aˆ Bˆ
Cˆ Dˆ
)
:=
(
A Ba2/λ
Cλ/a2 D
)
, φˆI,II2 (xˆ2) := aφ
I,II
2 (x2).
Then we have the relations,
φˆI2(xˆ2) =
(
i
Bˆ
)1/2∑
n∈Z
exp
(
π
Bˆ
i(Dˆxˆ22 − 2nxˆ2 + Aˆn2)
)
,
φˆII2 (x2) =
(
1
Aˆ
)1/2
exp
(
πixˆ22Cˆ
)∑
n∈Z
exp
(
πi
(
2nxˆ2
Aˆ
− Bˆn
2
Aˆ
))
.
(13)
As we mentioned in Introduction, they are written by the elliptic theta func-
tions [32, p.35],[44, p.463]. By letting
τ :=
Bˆ
Aˆ
,
φ’s are written by
φˆI2(xˆ2) =
(
i
Bˆ
)1/2
eπ
Dˆ
Bˆ
ixˆ2
2θ
(
− xˆ2
Bˆ
; τ
)
,
φˆII2 (xˆ2) =
(
1
Aˆ
)1/2
eπiCˆxˆ
2
2θ
(
τ
xˆ2
Bˆ
;− 1
τ
)
.
(14)
Here θ is the well-known theta function [32, p.35][44, p.463],
θ(u, τ) :=
∑
n∈Z
eπi(2nu+τn
2).
The system of the Talbot phenomena is written by the elliptic theta func-
tion3. Then the equality,
φˆI2 = φˆ
II
2 ,
is interpreted as the Jacobi imaginary transformation in the elliptic theta
functions [44, p.475].
Let us consider the fractional Talbot phenomena in the Gauss optics and
its connection to the Gauss sums and the Gauss reciprocity. The ordinary
Talbot phenomena was studied in [20].
3 As mentioned in Introduction, this historical meaning is very interesting.
9Let us consider the case
A
B
a2
λ
=
Aˆ
Bˆ
=
p
q
, κ1 :=
Dˆ
Aˆ
, κ2 :=
1
Aˆ
, κ3 := Cˆ, (15)
where p and q are coprime numbers and
κ3 =
p
q
(
κ1
κ22
− κ2
)
.
Then we have
φˆI2(xˆ2) =
(
i
Bˆ
)1/2∑
n∈Z
exp
(
p
q
πi
(
κ1 (xˆ2)
2 − 2κ2nxˆ2 + n2
))
,
φˆII2 (xˆ2) =
(
1
Aˆ
)1/2
exp
(
πiκ3 (xˆ2)
2
)∑
n∈Z
exp
(
1
p
πi
(
2nκ2pxˆ2 − qn2
))
.
(16)
For n = rℓ + s, we have
1
r
(K1n+ tn
2) = K1ℓ+ 2tsℓ+ trℓ
2 +
1
r
(K1s+ ts
2).
and thus
∑
n∈Z
e
pii
r
(K1n+tn
2) =
∑
ℓ∈Z
r−1∑
s=0
eπi(K1+tr)ℓe
pii
r
(K1s+ts
2).
Here we used the fact eπisℓ
2
= eπisℓ and e2tsℓπi = 1 for integers s, t and ℓ.
Using these properties, φ2’s become
φˆI2(xˆ2) =
(
i
Bˆ
)1/2
eiπ
p
q (κ1xˆ
2
2)
∑
ℓ∈Z
eπi(2κ2pxˆ2+pq)ℓ
p−1∑
s=0
e
pii
q
(2κ2xˆ2s+ps
2),
φˆII2 (xˆ2) =
(
1
Aˆ
)1/2
eπiκ3xˆ
2
2
∑
ℓ∈Z
eπi(2κ2pxˆ2+pq)ℓ
q−1∑
s=0
e
pii
p
(2κ2pxˆ2s+qs
2).
(17)
As in [3,25], the wave function of the system is rewritten as
φˆI,II2 (xˆ2) =
∞∑
n=−∞
AI,II(n; q, p)δ(κ2xˆ2 − 1
2
eqp − n
q
), (18)
where
eqp :=
{
1, if qp odd,
0, if qp even.
(19)
10
By choosing an appropriate prefactor, we have
AI(n; q, p) =
√
i
p
p−1∑
s=0
exp
(
iπ
[
(2n+ qeqp) s+ qs
2
]
/p+ κˆ1 (2n+ qeqp)
2
/4pq
)
,
AII(n; q, p) =
√
1
q
q−1∑
s=0
exp
(
iπ
[
(2n+ qeqp) s− ps2
]
/q + κˆ3 (2n+ qeqp)
2
/4q2
)
,
(20)
where
κˆ1 :=
κ1
κ22
= AˆDˆ, κˆ3 :=
κ3
κ22
= Aˆ2Cˆ. (21)
Provided that κˆ1 and κˆ3 are some integers (or, more precisely speaking,
certain fractional numbers), these are merely the Gauss sums. It implies that
there appears the fractional Talbot phenomena in the Gauss optics, even
though [20] argued only the integral case or q/p = 1 case.
We should note that the equality between φˆI2 and φˆ
II
2 in (13) means the
reciprocity,
φˆI2 = φˆ
II
2 , AI2 = AII2 . (22)
As shown in [25], it means the Gauss reciprocity (6) [15]. In other words, in
the case, the Gauss optics, the Gauss sums, and the Gauss reciprocity are
connected in the fractional Talbot system.
For the ordinary fractional Talbot phenomena case,
(
Aˆ Bˆ
Cˆ Dˆ
)
=
(
1 q/p
0 1
)
. (23)
AI(n; q, p) is given by [25],


(
p
q
)
exp

iπ

1
4
(q − 1)−

q
p
([
1
q
]
p
)2
− 1
qp

n2



 ,
(
q
p
)
exp

−iπ

1
4
p+

q
p
([
1
q
]
p
)2
− 1
qp

n2



 ,
(
q
p
)
exp
(
−iπ
[
1
4
p
+
(
2q
p
[
1
2
]
p
[
1
2q
]
p
− 1
4qp
)
(2n+ q)2
])
,
(24)
11
whereas AII(n; q, p) is given by

(
p
q
)
exp

iπ

1
4
(q − 1) + p
q
([
1
p
]
q
)2
n2



 ,
(
q
p
)
exp

−iπ

1
4
p− p
q
([
1
p
]
q
)2
n2



 ,
(
p
q
)
exp

iπ

1
4
(q − 1) + 2p
q
[
1
2
]
q
([
1
2p
]
q
)2
(2n+ q)2



 ,
(25)
where both are for “p even, q odd”, “p odd, q even”, and “p odd, q odd”
respectively.
5 Heisenberg Group and Schro¨dinger representation
Here we review the Weil representation in order to answer the question why
the Gauss sum appears in the optical system.
Let us consider a ring R and S := t(R,R). We assume that R is R,
Z, Q or Z/bZ, where b is a positive odd number. The case that R = R is
studied well in [13,30] for the optical system based upon [21,41] and thus
so in this article, we basically assume that R is Z/bZ. When R is the finite
ring, the Weil representation and Heisenberg group are recently studied well
[4,7,34,36]. In this article, we will consider only the simplest case and so if
one considers more complicate cases, [4,7,34,36] are nice for the purpose and
may provide the guide.
5.1 Heisenberg Group
Let us consider the Heisenberg group H associated with S = R2 and Z = R
[4,7,34,36],
H := (S,Z)
with the product H ×H → H defined by
(wˆ1, z1)(wˆ2, z2) = (wˆ1 + wˆ2, z1 + z2 +
1
2
〈wˆ1, wˆ2〉),
for ((wˆ1, z1), (wˆ2, z2)) ∈ H×H . It is obvious that the product is well-defined
and it becomes a group.
The Heisenberg group is also characterized by an central extension of the
Abelian group (free R-module) as [32, p.17],
0→ Z → H → R2 → 0,
such that e : R2×R2 → Z by symplectic product 12 〈wˆ1, wˆ2〉 for ((wˆ1, z1), (wˆ2, z2)) ∈
H ×H .
Then we have the following facts:
12
1. For h1, h2 ∈ H , h2h1h−12 = (wˆ1, z1 + 〈wˆ1, wˆ2〉).
2. N := {((0, u), z) | x, z ∈ R} is a normal Abelian subgroup of H .
3. Z := {((0, 0), z) | z ∈ R}, U := {((0, u), 0) | u ∈ R}, and X :=
{((x, 0), 0) | x ∈ R} are normal Abelian subgroups of H respectively.
4. H = N ⋊X .
For γ ∈ R×, we have the action R× on H ,
αγ · (w, z) = (γw, γ2z),
which is regarded as an element of Aut(H). On the other hand, g ∈ SL(2, R)
induces the automorphism of H ,
g · (w, z) = (gw, z),
or SL(2, R) ⊂ Aut(H). When R = R, we have SL(2, R) ∩ R× = {±1}. For
R = R case, we have an exact sequence of topological groups,
1→ R× → Mp(2, R)→ Sp(2, R)→ 1,
where Mp(2, R) is the metaplectic group.
When R is a finite ring Z/bZ, were b are a positive integer, the Heisenberg
group becomes a finite group. We will consider the automorphism in the
group ring C[H ].
5.2 Character of Heisenberg Group
When we regard C[H ] as C[N ]-module, we apply the Mackey theory of the
finite group [8,9,33] to it. We recall the Mackey theory which is given as
follows:
Proposition 1 Let K is an arbitrary field and G be a finite group. Let M
be a simple K[G]−module and H be a normal subgroup of G. As M can be
regarded as K[H ]-module, we denote it by MH . Then followings hold
1. MH is completely reducible.
2. The irreducible K[H ]-submodules of MH are all conjugates of each other.
MH ≈ L(g1) ⊕ L(g2) ⊕ · · · ⊕ L(gr).
3. There are a subgroup S of G, called inertia group, and K[H ]-module L
such that for gi ∈ S, giL = L(gi) and |S| = r.
We have its character ̺η : Z → C× parameterized by η ∈ R, e.g., η = b,
̺η(z) = exp
(
2π
η
iz
)
. (26)
AsN is Abelian, the natural projection̟ : N → Z is a group homomorphism
and thus we define ̺η : N → C× by,
̺η(n) := ̺η ◦̟(n).
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For n ∈ N and h′ ∈ H , we have a natural action on ̺η ∈ Hom(Z,C×),
(h ◦ ̺η)(n) := ̺η(h′ · n · h′−1) = exp
(
2π
η
i (z + 〈w′, w〉)
)
.
Noting 〈X,U〉 6≡ 0, and 〈X,X〉 = 〈U,U〉 = 0, we may regard that X has an
action on N ˆ:= Hom(N,C×).
For ̺η ∈ N /ˆX , we consider X̺(⊂ X) as the stablizar to ̺η. When ̺η is
trivial, X̺ is equal to X and then, the representation becomes R
2.
On the other hand, if ̺η is a non-trivial case, X̺ is equal to {0} and then
we consider the induced representation indHN (̺η).
We should note that N is a normal subgroup N ⊳ H and thus we apply
the Proposition to this system,
C[H ] ≈ C[N1]⊕ C[N2]⊕ · · · ⊕ C[Nb2−1]⊕ C[Nb2 ] = ⊕x∈XC[xN ].
Here C[Ni] is C[N ]-module and X is the inertia group. For h = xn of x ∈ X ,
n ∈ N , we have
̺i(h) = trS(h) :=
{
̺ρ(z) for h = (0, 0, z)
0 otherwise
.
We will consider a function overH , or an element of (χ(0), χ(1), · · · , χ(b−1))
belonging to ⊕x∈XC[xN ] ≈ C[H ]. By checking the action of X , U and Z, we
have the Schro¨dinger representation of H which is generated by
S(x)χ((x′, u′, z′)) = χ((x+ x′, u′, z′)),
S(u)χ((x′, u′, z′)) = e 2piiη ux′χ((x′, u′, z′)),
S(z)χ((x′, u′, z′)) = e 2piiη zχ((x′, u′, z′)),
or
S(x) =


0 1
0 1
0
. . .
. . . 1
0 1
1 0


x
, S(u) =


1
e2πiu/η
. . .
e2π(b−1)iu/η

 .
When R = R, we consider L2(R) instead of C[X ] and then we could define
dW (ξ), ξ ∈ h for the Lie algebra h of H ,
dS(ξ)χ = d
dt
S(tξ)χ|t=0.
Due to [21, 15], we have
dS(ξx) = d
dx
, dS(ξu) = 2iπ
η
x, dS(ξz) = 2iπ
η
id. (27)
This means that S(x) = exdS(ξx), S(u) = eudS(ξu), and S(z) = ezdS(ξz). We
have the canonical commutation relation,
[dS(ξx), dS(ξu)] = dS(ξz), or d
dx
x− x d
dx
= 1. (28)
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5.3 Representation of Automorphism of Heisenberg Group
We mention the representation of Aut(H) for the Schro¨dinger representation
S. First we deal with the action αγ of R×,
αγ · S(h) = S(αγ(h)) = γ2S(h).
Secondary we consider the g ∈ SL(2, R). By letting
g ◦ S(h) = S(g−1h),
it is shown that there exists the unitary action W (g) on H such that
S(gh) =W(g)S(h)W(g)−1,
for every h ∈ H when C[H ] is regarded as C[H ]-module. By tuning the factor,
we obtain the Weil-representation of the metaplectic group Mp(2, R).
Following the caseR = R [30, (3.15)], the Weil representation [W(g)χ] (xˆ2)
is given by∑
xˆ1∈R
G(xˆ2; xˆ1)χ(xˆ1)
=
√
Ai
Bη
∑
xˆ1∈R,(xˆ2,uˆ2)=g(xˆ1,uˆ1)
exp
(
2π
η
i
(
1
2
〈(xˆ1, uˆ1), (xˆ2, uˆ2)〉
))
χ(xˆ1),
(29)
where uˆc = uˆc(xˆ1, xˆ2) (c = 1, 2). Here G(xˆ2; xˆ1) has its multiplication
G(xˆ3; xˆ1) =
∑
xˆ2∈R
G(xˆ3; xˆ2)G(xˆ2; xˆ1).
The phase of
Aˆi
Bˆη
(29) is given by
s(g) = sgn(Bˆ)eπi/2.
Hence W is the representation of the metaplectic group Mp(2, R).
We note that for example as in the path integral [35], the computation
of the kernel function G(xˆ2; xˆ1) is based upon the canonical commutation
relation (28).
6 Gauss sum in fractional Talbot phenomena, revised
In this section, we will investigate the relation between the Gauss sum and
the fractional Talbot phenomena again more algebraically. This is a revised
investigation of [25]. In other words, we consider why the optical system is
expressed by the Gauss sums. We have to consider the symmetries of the
system which insert the discrete pictures in the optical system and give an
answer the question why (1) is similar to (2).
Let us reconsider the physical situations in §2 and §3.
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6.1 The translation action tga
Here we will consider the first discrete nature in the Talbot phenomena com-
ing from the delta-comb slit; due to it, the system is represented by theta
function. Let us fix g ∈ SL(2,R), which means that we choose an optical
system.
As the Lagrange submanifold Sintf is now two-dimension, the parameters
xˆ1 and xˆ2 of wˆ2 = gwˆ1 are its local coordinates of S
intf and thus uˆc is
expressed by [13, p.34],
uˆc = uˆc(xˆ1, xˆ2, g), for c = 1, 2.
We are concerned with the interference system Sintf with the translation
symmetry (9). The action of translation (9) induces
(
xˆ1
uˆ1
)
= (tga)
n
(
xˆ0
uˆ0
)
=
(
xˆ0
uˆ0
)
+
(
n
− Aˆ
Bˆ
n
)
,
so that it preserves xˆ2 as x component of image of g, i.e.,(
xˆ2
uˆ2
)
= g · (tga)n
(
xˆ0
uˆ0
)
= g
(
xˆ0
uˆ0
)
−
(
0
1
Bˆ
n
)
,
which provides
1
2
〈tgna wˆ1, gtgna wˆ1〉 =
1
2Bˆ
(Dxˆ22 − 2(xˆ0 + n)xˆ2 + Aˆ(xˆ0 + n)2).
The above translation means that we deal with
H
(a,g)
wˆ0
:= {(wˆ, z) | w = tg na wˆ0, n = 0, 1, · · · , b− 1}.
over R = Q[[Aˆ, Dˆ, 1/Bˆ, x0, u0]], a formal power series of Aˆ, Dˆ, 1/Bˆ, x0 and u0
overQ. Here we should note that for wˆ = (0, 0) case,H
(a,g)
0 := {(n,−Aˆ/Bˆn, z)
| n ∈ Z, z ∈ R} is a normal subgroup of H over R = Q[[Aˆ, Dˆ, 1/Bˆ, x0, u0]].
C[H
(a,g)
wˆ0
] is C[H
(a,g)
0 ]-module. Hence this discrete system consists of H itself.
The translation does not break the algebraic structure of the optical system
given by [13,30].
From (14), we have the theta function expression due to the symplectic
structure. In fact,
(
n
− Aˆ
Bˆ
n
)
is written by
(
n
−τn
)
which shows the periodic
structure in the Abelian variety of genus one [32]4. Oskolkov [28] and Berry
and Bodenschatz [1] dealt with different τ as time development and showed
interesting patterns.
4 It is very interesting that Talbot himself studied the Abelian integral [6, p.413].
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6.2 Discrete nature in the optical system
Here we will consider the second discrete nature in the Talbot phenomena.
In order to insert another discrete nature Q in this system, we have imposed
the condition (15),
Aˆ
Bˆ
=
p
q
, (30)
where p and q are coprime numbers. Let us consider realization of (15) or
(30) in SL(2,Z) and then we naturally encounter the simplest case,(
p q{
− 1q
}
p
{
1
p
}
q
)
∈ SL(2,Z),
where
det
(
p q{
− 1q
}
p
{
1
p
}
q
)
= p
{
1
p
}
q
− q
{
−1
q
}
p
= 1. (31)
This recovers (2) and then (21) becomes
κ1 = p
{
1
p
}
q
, κ3 = p
2
{
−1
q
}
p
,
and then AI is represented by the Gauss sum explicitly.
The above condition corresponds to the ordinary fractional Talbot phe-
nomena case (23) in SL(2,Q) ⊂ SL(2,R),
(
1 qˆ/p
0 1
)
=
( 1
p 0{
1
q
}
p
p
)(
p q{
− 1q
}
p
{
1
p
}
q
)
∈ SL(2,Q).
Using this fact, we will give an answer to the question in Introduction and
[25] in next section.
6.3 The fractional Talbot phenomena and Weil representation
By inserting the discrete nature with the translation properties and SL(2,Z)
into the Gauss optics in the previous subsections, we encounter e2πi/q.
Here we will give its connection with the Weil representation in the pre-
vious section in order to consider the Gauss sum again.
Suppose that R = Z/qZ, and xˆ0, uˆ0 are elements of R. For simplicity, q is
an odd number. The character χq of R is given by e
2πi/q. In order to choose
Bˆ ∈ R× freely, we restrict the group g belonging to
Γ (2, R) :=
{
g :=
(
Aˆ Bˆ
0 Cˆ
)
| g ∈ SL(2, R)
}
,
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and we set Aˆ/ηBˆ = q/p. More specially, when we set
g =
(
1 1
0 1
)
, η =
q
p
, χ(xˆ1) ≡ 1 for every xˆ1,
[W(g)χ] (xˆ2) in (29) is equal to√
qi
p
∑
xˆ1∈R
exp
(
qπ
p
i(xˆ22 − 2(xˆ0 + n)xˆ2 + (xˆ0 + n)2)
)
. (32)
By letting xˆ2 = (qepq − 2n)/2q, this is essentially the same as AI2 in (32) of
g =
(
1 q/p
0 1
)
.
Then we realize AI2 as in (32). Using the reciprocity for Gauss sums (6)
or the reciprocity corresponding to the wave-particle complementarity (22),
we also realize AII2 (25).
7 Discussion
In this article, we dealt with the Gauss optics with the delta-comb and we
gave explicit expressions in terms of the theta functions (14). After consid-
ering the fractional condition,
Aˆ
Bˆ
=
p
q
∈ Q,
we expressed the fractional Talbot phenomena in the Gauss optics on g ∈
SL(2,Q) explicitly as in (20), and gave their relations to the Gauss sums and
the Gauss reciprocity. Due to the SL(2, R) treatment which corresponds to
the Gauss optics, we could argue the Weil representation and the Heisenberg
group in the optical system [13,30].
When R is continuous case or R, the Heisenberg group is a Lie group and
we have its Lie algebra. In the Schro¨dinger representation, the Lie algebra
is generated by x, ddx and 1 with the canonical commutation relation as the
generating relation of the algebra (28) [21],
d
dx
x− x d
dx
= 1. (33)
The relation governs the kernel functions and automorphism of the Heisen-
berg group like G(xˆ2; xˆ1) in (29). The automorphism corresponds to the
dynamics and time development in the quantum mechanics; in the case of
the optics, it corresponds to the translation along the optical axis. Thus (33)
is the fundamental relation in the automorphism.
On the other hand, when R is Z/qZ case, the Heisenberg group is a
finite group and thus we can not deal with its infinitesimal difference neither
its Lie algebra. Thus we must directly consider the automorphism of the
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Heisenberg group. Instead of the canonical commutation relation (28), we
have the relation (31),
p
{
1
p
}
q
− q
{
−1
q
}
p
= 1, (34)
as the fundamental relation of the automorphism of the Heisenberg group,
SL(2,Z) ⊂ Aut(H). As the effect of wavelength λ is normalized in the relation
(15), in (34) the wavy properties as the interference condition are built in.
Thus (34) implicitly connects the linear optical property, i.e., of an element
of SL(2, R), and the wavy property, i.e., R = Z.
Hence we conclude that behind the fractional Talbot phenomena, these
relations (33) and (34) exist and both play the same role essentially for the
continuous case and for the discrete case. This means that we find the answer
to the question in [25].
We expect that this algebraic treatment of the Talbot phenomena has
some effects on several fields related to quantum mechanics, the optical sys-
tem, and missing relations between quantum mechanics and arithmetic the-
ory [27, p.149][40].
As in the adelic consideration [40, Introduction], the p-adic quantum me-
chanics and ordinary quantum mechanics are treated equivalently. Then our
interpretation of the relation between (33) and (34) is consistent with the
philosophy of the adelic consideration because in p-adic quantum mechanics,
p is the small parameter associated with the p-adic differential operator [40].
Further as in survey of Polishchuk [32], the Gauss sum and the sym-
plectic structure determine the structure of the Abelian variety though the
theta functions. Due to the properties of the Abelian structure, i.e., theo-
rem of cube, the Gauss sum is connected with another physical problem,
Chern-Simons-Witten theory of the three-manifold related to some Riemann
surfaces[10,18,39]. Recently the Abelian variety (more precisely Jacobi va-
riety), we have explicit representations [26]. Using the recent developments
and our new result of the fractional Talbot phenomena, we could investigate
the quantum structure over there.
On the other hand, θ function appears in my recent work on a statistical
mechanical problem of closed elastic curves in a plane [24, Remark 4.3], which
is closed related to the integrable system. As in the integrable system, the
symplectic structure plays important roles there [13]. As mentioned in [24,
Introduction] in detail, the problem might be related to SL(2,Z) in replicable
function theory and monstrous moonshine phenomena [19]; it might be also
associated with another physical problem, the Witten 24-manifold. There
the concrete relation among the symplectic structure and SL(2,Z) are also
one of the central theme of the studies [19,24]. The elastic curve problem
could be extended as higher dimensional objects using the Dirac operator
case as in [23, references therein]. Even in the case, the theta functions are
defined using the integrable system and then we should consider a connection
between symplectic structure and wave properties when we consider some
quantization [22].
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I believe that my interpretation of the fractional Talbot phenomena must
have crucial effects on these studies.
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